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1. INTRODUCTION

SUPPOSE we are required to take a decision whether or not a given
few procsss of production P; should be adopted in preference to an
old process say P,. While planning an experiment for taking a decision
to this end, we have to keep two propositions in view. At the first
instance, the experiment should be precise enough to enable us to
arrive at a right type of decision by detecting the smallest possible
gain or loss due to the adoption of the new process. Secondly, the
cost of experiments leading to the decision should not be so large
as to make the experiment uneconomical; in other words, the cost
incurred on the experiment should be justifiable when judged from
the point of view of the expected gain accruing from the correct
decision to be arrived at. These two propositions are contradictory
to one another, since the amount of precision is directly related to
the size of the experiment. Hence, there arises a need for planning
the experiment so as to achieve an optimum balance between the two
propositions. In other words, having realized the importance of
experimental results and the size of gain or loss due to right or wrong
decision, it is required to allocate a reasonable amount of expenditure
and the experimental resources which may give results with a reasonable
degree of precision.

Assuming that the cost of the experiment is proportional to the
numbsr of observations to be taken for the experiment, the problem
at hand reduces to the determination of the optimum number of
observations to be taken for dec1d1ng between two alternatives, i.e.,
the acceptance of P; or P,. For this, the procedure suggested here,
is to define a suitable risk function involving the cost ‘of experimenta-
tion and the expected gain which will result if the production process
P, is rightly accepted. The total risk will be defined as the cost of
experimentation minus the expected gain. -The risk function so defined,
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will naturally involve certain unknown 'parameters as’ well as certain
. othér. constants dependmg on.the external economic factors:of the
decmon process The latter economlc factors, can be determined

with sufficient accuracy from eXperlence -and knowledge of the situa- .

“tions under which the experiment is being carried out. - As far as the

'estlmatlon of ‘the parameters is concerned it has been suggested that
Ca prehmmary exPerlment of a small size say 7, be carried out at the
* first instance and the. estimates of the parameters obtained from “this
- small experiment may be properly used in defining the risk functlon
! The risk function so defined, has been called the Integral risk function.
* “This functlon is now mainly a function of the additional number of

-observations, say n, required to be determmed ‘and the estlmates of. =
- the parameters baséd on the set of values of n, observafions in the

first sample. The problem now, is to see whether or not the risk will
be reduced in case, the expzriment is continued one stage further and
the proposed decision is taken on the basis of the results- obtamed

from the two experiments together, i.e., on the basis of ny +ny observa- B

tions. In case, the risk involved in continuing. the experlment one
stage further is less than 'that in stopping the experiment at the first
stage, i.., taking decision on the basis of first ny observations only,
. the value of n,, i.e., the'size of the experiment at. the second- stage has

to be determlned in such a manner as to possess. certain ‘well-defined.

optimum properties. Once the optimum number. of observations- for

‘the eXperlment has been determined, it will invariably fix the optlmum :

. amount of precision attached with the decision process, since the two
are directly related. - Following this approach; Grundy and ‘others
(1956):.have. _determined ‘the amount of experiments for various cost
‘situations in the case when the ‘observations in the expenment are
dlstr1buted normally. with a known variance (restriction imposed. in
. Grundy’s method) The present work deals with the case when the

'observatlons are taken from a normal population with unknown -

varlance

,

2. DECISION RULE FOR CHOOSING BETWEEN TWo ALTERNATIVES

Let us: suppose that xu, Xqs xl,,1 are the values of- n,- observations
- in the. ﬁrst ‘experiment of size n;. Each x; denotes the -value of net
gaint per. unit of -production accruing from adopting the new'process
P, over the old process Py.. Let %, be the mean-and s,2 the mean square
based on n, obsetvations. Throughout, it will be assumed that all
. x;'s are d1str1buted normally with the same unknown mean and the
variance ¢2. Clearly, %, and. s,2 are. respectively the' estimates of the
) average net gain % and variange o2, , Let us say, the first. exper;ment

-
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_ is'not found to be sufficient-enough to decide whether or not it-is worth-
while to-adopt the new-process P; in preference to ‘P,. “Hence; another
indepzndent” experiment - of size n, is carried- out. This- experiment
gives values say, Xa;, Xag» Xa3, *°° Xom, of the net gain. Let %, be an-
independent estimate of 5. The combined estimate .of 17 from: two .
expeuments w111 be: : : .

- ;X ‘*‘_.n.gf_‘z
- M+ Ry

The decmon rule whether the P; should be accepted or rejected )
is glven by
“accept Py if x> 0

'rejectw P, i.e,, retain P, if ¥<0.

~The questlon -whether the first -n; observatlons are adequate or .
not for taking the decision and in case they are ‘not, how many more"
observations should be taken in order to arrive at a definite decision
has been discussed in the following paragraph.

3 DEFINITION OF THE RISk FUNCTION

Let _P(nz, T 7, 0% denote the condmonal probability of accept-.
ing P, on the basis of the decision rule given in (2) for given values of
.%, and n,. It can easily be seen that:

P (nza X1, 7, 02)' = -P(f > 0/”2’ X1 s dz)
(m % +1am)
9,) I: '\/nza' ]

where
gé(x):V.lz_;Tfﬂé—’vﬁdv.‘ G.1)

The conditional risk;fu:nc'tion‘ ‘R = R(ny, X1, 7, o?) is defined as,
R-= 7cn2 — M”)-P (nZ’ :fl, U 02) : : ' (32)

where ¢k’ is the cost of taking single observation and ‘M’ is a con-
stant measuring the scale of production or the units on which P; will
be recommended. In the case, where P, represents the appllcauon
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~of fertilizers or other improved practices, ‘ M’ may be_ taken as units,
say Hectares on which these practices will be applied if the experiment
" so recommends. In the case where P, represents some manufacturing
process, ‘M’ represents the number of units which will be manu-
-factured through P, over a specified time. It is obvious that the risk
fuiction as defined above, involves the parameters n and ¢* of which
no knowledgs is availablé except their respective estimatés X, and
5,2 as obtained from the initial small experiment of size n,. There
are two ways by which the risk function can be made independent of
the unknown parameters. At the first instance, R can be averaged
over an a-priori distribution of 7 and ¢?, if such distribution can be
determined or guesszd. Secondly, R can be integrated over the joint
fiducial distribution of 7 and ¢2 (Flsher) As it is not easy to choose
an optimum a-priori distribution of 4 and ¢%, we may adopt the second
course. :

. The fiducial distribution f(7, o%) of 7 -and o? is given by,

df (n, o)
— ;_:Ti {e™n (71—)':1)2/202}
no— 1 p\ebre ~(np-1)/2 87
xm;__l( 02-s1> e it dnde.

Hence, the integral risk function of the expected value of R as averaged
over df (3, 0) is given by,

R=kn,— M f f ¢(”1"1+”2’7) df (n,0). (3.3)

—00 o0

Integrating over n first we get,

R =kn, — \/(N—f—l) 1A1+x1A]

re= A OLR O
‘ n12— | o

«.':S\/(&—_%M[ FED0—3) 5 ]

where

(n, — 3) N —1) "
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N="2 1=’LAEV+_I), K:&/?Zl'z—lsb

n

1x1
X—-T]]-’— .
U

T, (x) being the ordinate of ‘¢’ distribution  with n1 — 3 degree
of freedom at x point and :

K*? ‘""1)/2 K 22da'
K20
n — 1) f ¢‘< (
l

= [ f X (U) ¢ (V) a’Udv.

<(UK)U

‘U’ b:ing the chi-sqhare variate with x%,—1 (U) distribution and
V' the normal variate with the distribution ¢ (V). Or,

i
1‘1 —]1"1._,1</¢]V—’>

where . ' 1
) ‘
- (x) = ,\/7,- ’J‘ {(l p— 1) }
Hence, ‘
R = kn, — M[ (N]—V{—(f)l (;1 12‘3\ 51T, -3 ( %@153}) )
+ 17 (3 /10| | | o

or we may preferably put it in the form,

0=nN=i\/52 [ora

e (i) e

where

SR Mo N
Q_k_ )\—-k—nl s and =X VA
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It will be seen that the Integral risk function O as defined above is a
generalized form of the risk function given by Grundy and others in
the case when o2 is known, viz.,

N & SICICE 0 I 0

where

_M ~3/2 _ N+1 12X
/\—Tcnj o, H—X/\/ N X =nl2z,

o

4. STUDY OF THE INTEGRAL Risk FUNCTION

Let us denote,

Q():Limg
N->0
then,
L0 _ 0 — O
N N
: 3 In, — 1 n, — 3
=1 — AN-V2(N 1‘-1/2[ ! - ( 1
N+ -\/’11_3]1"1'3 \/”1—10
— 101 Ty (— 01 @1
and
‘ > (AD
3/2 12 ¢ [ A%
N A+ DY DN(N)
ng—1,, n — 3 )
\/nl—ST”'"a(\/nl—-l d
_ 2N 0T (=] 0])
Tn,—B( <0)
n1_3 n1—1
.also

bé __ _ ’} ~1/2 3/2 /n, — 1 / ( n—3
= 1 RNy [T \/nl—l e)
@.3)
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and
4N32 (N + 1)5/2 @
AT, (0)  ONE

L _xew+ (1 —‘tfjj;) (4.4)

— n—
—(4N+1)an_2

From 4.4, it can be seen that for n; > 4, 320Q/0N? is negative in the
neighbourhood of N = 0, and continuously increases with &, becoming

positive after passing the value zero. Hence d0/dN initially decreases .

" from unity and after attaining some minimum value, increases and
attains unity value. Therefore, the shape of O could be one of the form
given in the following three figures:

3]

Q

a .

FiGc. 1 Fic. 2 FiGc. 3

In case, the shape of O is of the form as given 'in-Fig.. 1, the

minimum value exists at N = N, and at. this point the risk @ is less
than the initial risk at N = 0. Hence, in this case it will be worth-
while to conduct additional experiment of size #n, = nN,. In case,
the shape be of the form as given in Fig. 2, the minimum value does
not exist hence no. further experimentation need be carried out.
Similarly, Fig. 3 shows that although the minimum value exists
at some N = N,, however, at this point, the risk involved is more than
that the one at N = 0. -Hence, in both these latter cases it will not
pay to carry out experimentation beyond the first stages-i.e., the decision
based on the first n, observations will be as good as that taken on the
basis of any additional amount of experimentation.
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Now, referring to Fig. 1 and from (4.1) and (4.2), iv can be seen

that the minimum value of ¢ N’ given by the equation dQ/oN = 0, i.c.,

PR T ( n, — 3 )
1/2 3 L /AT~ 1 .
NYE(N 4+ 1) 2\/n1—3T"“3 .'\/nl—la (4.5)

will be an absolute minimum if the inequality,

” 2Ny +1 |01 Ty (= 161)
2N0+2 n1—1 , ( m—3 .\,

B ’ /\/(111 - 3) T "8 /\/nl _1 0)

is atisfied, where

N

‘N’ is-tlre larger value obtained by sols'ing the Equation (4.5).

The exphcrt solution of the Equation (4.5)is rather difficult. How-
ever, one can easily get a graphical solution of this equation by drawmg
a Nomogram for various values of n,. The Nomograms given in
appendix have been drawn for n; = 4, 5 and 6. With the help of these
Nomogram the value of n, could be determined for given values
; of X =m'2X,[s; and A= M/Kn,~3"*s, correspondmg to values of |
: ' " m=4, 5 and 6. |

5. To SHOW THAT THE RULE GIVEN ABOVE IS ADMISSIELE

' We have
i. 'R(xl’ S5 s 0, ”2) == knz— k”?P ()2> 0 l Ry Xy 7, b)-'

be put as,

Ry o 9= ] T REw 507 o 90 9] 4/ i)

'

- Hence, the unconditional risk attached with the decision process can

where J (%1, 54) Is the joint density function of s; and x; and ¢ (xl, $1)
) = n,; it being assumed that ¢ is the function which defines ° ny’ in
! terms. of x; and s,.

‘ Let us now assume that P (xl, sy) is measurable and E [y (xl, 51)]
is finite,

Hence E(P) and E(n,) are continuous functions,
5
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FiG. 6. Nomogram for X, A and N when n;=6

we define,

'|||'-xI'4'-11.‘1aaa'T-l|'|r—r-|'

. 3ooc

LENE B I §

=-2500

~2000

Q
o
o

T T T

™
y
©

100¢

& 3
0 [+]
SCALE FOR 2

o
[+]
(o]

»
]
Q

lco

Ry(n, o, ) — R (n,0,4) = Ry (n, Xy, 8> 1) — R(n. xy, s,n)°

— My
=0

if >0
if 90,

T T e



TWO-SAMPLE DECISION PROBLEM 69

then by expressing
Ij.ff RO [77’ o, X1, Sy 'lb(xla sl)] alf(xl, S]) d’)d"

as a repeated integral-in two possible ways (since R, is a continuous
function, the inversion of the order of integral is permissible), we
obtain the identity

;T:fo (1 o, ) dndo =7 ? Ry (xiy 51, ) dydlsy = ¥ ().

If 4 is so chosen that ¥ () is minimum for all ¢, the integral on
the left-hand side is also minimised. Hence, there exists no ¢ (»;, s7)
which has the risk R, (v, o, #) as small as the one given by the rule
given here for all # and ¢, and smaller for some 7 and o. Hence, the
rule given here is admissible. ’

6. CONCLUDING REMARKS

From theoretical point of view, the decision rule discussed above
raises two important issues. Firstly, the rule for rejecting or accepting
the hypothesis is based on the positive or negative sign of the mean,
This procedure seems to be sound on intuitive grounds, but one does
not know how does it compare with the more powerful procedure
based on ‘7’ test. The optimum properties of sign rule have been
considered by K. Matusita (1951). However, since the alternative
procedure based on ‘¢’ criterion by no means yields to an easy solu-
tion, the procedure suggested here could serve as a guiding principle
for the choice of the amount of experimentation. Secondly, while
deriving the solution, the controversial idea of fiducial probability
has been used. This, however, has been done under the circumstances
where it is difficult or rather impossible to suggest any suitable a-priori
joint distribution of mean and the variance of the underlying normal
population. But whatever be the objection to the use of fiducial '
distribution, it has been shown that the procedure based on this
distribution is an admissible one. Because of this property, the
decision rule given here could be regarded as an optimum -one.

From practical point of view, it may be hard to determine values
of the constantslike ‘A * and ‘k°. Again, since the process will be
retained for a certain period of time,-it is difficult to say for what exact
period the value of M should be determined. It may be safer to take
a reasonably longer period so that even if there is small gain from the
change over to new process, this becomes substantial when the extent
of application is fairly large and is repeated over a course of time,
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‘Whatever the case may be, the importance of determining the optimum
amount of experimentation could hardly be minimized especially-
in -situations involving exhorbitant cost of experimentation. And
the discussion given above serves as a guiding principle.

The method of determining the amount of experimentation for
the second stage has been explained in the examples below :

‘Example.—Under simple fertilizer trials in cultivators’ fields on
‘paddy crop during the year 1962-63, the following responses were
obtained to 20 Ib./acre doze of nitrogen in each of the initial five experi-
‘ments conducted at one of the centres in Lucknow District of U.P. The
total area under paddy in the centre is reported to be 20 thousand
acres. It has been estimated that the cost of conducting single experiment
comes to Rs. 60. This includes the cost of fertilizer, salary of the
field staff and cost of statistical analysis. The additional cost of

_ fertilizer alone comes to Rs. 18 per acre; however, if the cost of applying
the fertilizer is also included, the additional cost of fertilizer applica-
tion comes to Rs. 24 per acre. Hence, unless the additional yield from
the fertilizer application exceeds Rs. 24 per acre, it will not be worth-
while to recommend the fertilizer. The price of paddy in the district
has been reported to be Rs. 12 per maund

Experiment Response in

No. md./acre
1 152
.2 1-82
3 1-88
4 1:25
5 3-15

Average response = 1-92 md./éCre.
_ Mean square of the response = 0-5340 (md./acre)?.

In this case, the values of different quantities occurring in x and
. A are as follows:

n, =35, M =20,000 acres, k= Rs.60,
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¥, = Price of paddy x average response — additional cost of
fertilizer application.

=12 x 1-92 — 24 in case, the cost of spraying the ferti-
lizer in the field is taken into account.

= — 0-96 Rs./acre,

or
=12 x 1-92 — 18 in case, ,the‘cost of fertilizer alone is
taken into account. '
= 5-04 Rs./acre.
and o B
5, = V/0-5340 x price of paddy:
=073 x 12=8-75 Rs./acre. -
Hence
¥ — nl2x,
N . _
= —0-24 or -+ 1-28
“and
—3/2
A = n kMSl . \
= 262 Rs.

The values of N for n, = 5 as seen from the table, ‘are 5-6, when
X= —0:24 and 2-4, when X =1:28. For both these values of .
N, it can ‘be seen that™ the inequality,

2N+1 BTm-'l(_[gl)

e v
2N +2 m—1. ( n1—36)
\/n, — 3" M3 n — 1

is satisfied. Hence the number of experiments in the second stage -
should be 12 or 28.
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APPENDIX

As shown in (4.5), the amount of additional experimentation
ny, = Nn, will be determined by the larger root ‘ N’ of the equation,

- s A fmp—1_, ( ”_1_39\
W 0 = Sy S T ((f 7 0)

where,
A= ATclnl—W s; and 0= N%l .
n? x;
S1
TABLE 1
Values of additional number of experiments relative 10 n, =4
\\ \ p
AN 100 | 250 | 500 | 750 | 10CO | 1260 | 1500 | 2000 | 2500 | 300
X N
102 ¢2] 71-2]10-5 1 12:6 | 14:7 | 16-8 | 18.8 || 21 23 25
0:4 40| 68| 96 [12:0 | 14+ | 160 | 17:5 | 20 22 24
0-6 | 3:6| 60 -7 |11-2(13-2 148 | 16-2 |19 g1 23
0-8 3.0 | 5:2| 8.0|10.0|11.8 132|146 | 174 | 19:0 | 20-5
1:0 26| 46| T°1| 89 |10-7|12:0 13-4 | 156 | 17-4 | 18-8
1.2 2:2| 42| 6:2| 78| 9-410-8|12:0 | 141 | 156 | 170
-4 1.8 | 38| 56| 7.1 84| 9.6|10:6 | 126 |14.1 | 15-5
1:6 1-5| 3:4) 5-2| 64| 76| 86| 96 |11-4 | 130 | 14-3
1-8 1.2 80 44| 56| 68| 7-3| 86 |10-2 | 11.6 | 129
2.0 05| 26| 39| 51| 6:1| 71| 78 | 9-2 | 105 -| 11-7
2.2 05| 22| 86| 44| 57| 64| 70 | 84 | 96 | 10-8
2.4 03] 20 34| 4od| 53| 60| 66 | 7.8 | 84 9-9
2.6 0 1'7| 30| 39| 4-8( 56| 60 | 7.2 | 8.2 9-2
2.8 0 1:5| 28| 36| 43| 80| 57 | 66 | 7.6 84
300 | 0 | Ldf 24 34| 39 45( 53 | 61 | 10 | 749
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TaBLE II

Values of additional number of experiments relative to \nl =5

1

AN

A

.- | 100 | 250 | 500 | 750 | 1000 | 1230 | 1500 | 2000 | 2500 | 3000
X N\

.20 3-2| 60| 84108126144 | 162 | 186 | 21-0 | 235
40 2.8| 52| 8.0|10.0!11-8/(13-6| 5.2 |[18.0 |20:0 | 220
.60 24| 46| 72| 9.2 104 120|138 | 16-2 | 180 | 19-5 -
.80 19| 89| 62| 80| 9.2|10-4|11-6 | 138 | 156 | 17-8
1-0 1-3! 81| 53 68| 80| 9.0|10-0 | 116 | 13-4 | 150
1:2 07| 26| 43| 56| 6:6| 76| 84 |10:0 |[11-2 | 12.2
1.4 0 1.9 | 34| 48| 66| 64| 72 | 80 | 9.6 [ 10-7
1-6 0 1.4| 28| 39| 48] 56| 60 | 7°2 | 82 9.2
1.8 0 10| 22| 32| 3.9, 46| 5.2 | 6.0 | 70 840
2.0 0 0 18| 27| 33| 89| 45 | 53 | 61 69
2.2 0 0 1-3] 20| 27| 82| 37 | 46 | 5.4 59
2.4 0 0 09| 17| 22| 27| 31 | 38 | 48 5.2
2.6 0 0 0 .21 (0| 23| 27 | 33 | 39 4.2
2.8 0 0 0 | 08| 1:4] 1.8| 2.2 | 2.8 | 3.3 3-8
3-0 0 0 0 0 11| 1-5] 1-8 | 2:4 | 29 3.3

T,—; (x) being the ordinate of ‘7’ distribution at x.
N given from the equation does not depend upon the sign of X value.
The graphic solution of the above equation can be obtained by drawing
The nomograms . have been
drawn for n, = 4, 5 and 6. Each nomogram consists of two straigh
line scales each corresponding to ‘X’ and A and one curved scale
corresponding to N. For obtaining the solution, a straight line is to
be drawn joining the given values of X and A on the respective scales.
The point where this line cuts the scale for N reads the values of opti-
mum N in addition to the inequality

nomograms for different values of n,.

The value of




TasBLE III

Values of additional number of. experiments relative (b n,==6

TWO-SAMPLE DECISION i?ROBLEM

75

N

AR Y

AN 100 | 250 | 500 | 750 | 1000 | 1250 | 1500 | 2000 | 2500 | 3000
X N\

N\

.20 ga| 62| 9-8|11-8 132150 16-2 184 | 205 | 2200

40 30| 60| 88| 10-8 | 120 | 136 | 15:0 | 18:0 | 19:5 | 219

-60 20| 44| 6:4| 8-4 100|112 | 12:0 | 14-6 | 16-2 | 174

-80 12| 34| 52| 6% 80! 9.0{10.0 | 116 |18-2 |15.0
1-0 0 24| 40| 5-2| 64| 76| 84 | 946 |11-0. | 120
1.2 0 145 | 30| 40| 48| 56| 64 | T8 | 87 | 06
14 o | o | 20 30| 38| 44| 48 | 60 | 69 | 79
1:6 0 0 10| 1-9| 26| 32| 387 | 44 | 5.2 60
1-8 0 0 0 11| 1.8] 23| 2.8 | 34 | 40 | 45
20 |0 0 0 o |0 15| 1.9 | 23 | 31 | 87
2.2 o | o |0 0 0 0 1.1 | 18 | 23 | 2.9
2.4 0 0 0- | o 0 0. | o 1.1 | 1.7 | 21
26 | 0 0 0 | o 0 0 0 0 0 1+4
2.8 0 0 | o 0 0 0 0 0 0 0
3:0 0 0 0 1o 0 0 0 0 0- | o

2N +1 0T, .(—]0])
2N + 2 \/nl—l (\/nl—s'
. nl . 3 n;—3

being satisfied. Otherwise the value of N will be taken to be zero.

have been prepared for X= 0-20to 3-0 and A = 100 to 3,000,

With the help of these nomograms, tables giving the valfyes of N,



